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ABSTRACT In nematic side-chain polymers the side chains are oriented in the mean along a certain direction 
(the director). Rotations of backbone segments relative to the director are degrees of freedom characteristic 
for such polymeric nematic systems. We investigate theoretically the influence of these relative rotations 
on the linear mode spectrum. We discuss longitudinal and transverse sound excitations and propose 
experiments, in which qualitatively new features due to these relative rotations are to be expected. We show 
that recent unexpected findings in director relaxation experiments can be explained with the help of these 
new degrees of freedom aa well aa by elasticity. 

1. Introduction and Discussion of Results 

Since the first synthesis of liquid-crystalline side-chain 
polymers,' the number of investigations of this new class 
of material has grown rapidly (cf. refs 2 and 3 and references 
cited therein). Apart from the technological importance 
of these materials, there is also a profound purely scientific 
interest in such materials; e.g., they facilitate certain 
experiments due to the longer time scales involved in 
polymeric systems compared to low molecular weight 
systems. Here we are interested in the possibility of getting 
access to rotational degrees of freedom connected to vis- 
coelasticity with the help of the hydrodynamic liquid- 
crystalline degrees of freedom. 

In hydrodynamics each degree of freedom is represented 
by an appropriate dynamical field4 in contrast to phe- 
nomenological models for polymers (Maxwell, Jeffries, 
etc.), where only the conventional fields of simple liquids 
are used and the additional dynamical complexity is put 
into frequency-dependent transport parameters. The 
hydrodynamic method, however, has the advantage that 
cross couplings between the dynamical fields are much 
more apparent and their derivation is more ~ystematic.~ 
This is even more important for liquid-crystalline poly- 
mers, where additional degrees of freedom have to be 
accounted for, as has successfully been demonstrated for 
nematic side-chain polymers in ref 6. Having identified 
all relevant dynamical variables (i.e., the truly hydrody- 
namic ones and those relaxing on a macroscopic time scale), 
the hydrodynamic method is exact and sets a framework 
for microscopic and phenomenological models. It consists 
of an analytical gradient expansion in the statics and 
dynamics. Usually such an expansion exists at least for 
the lowest order terms (with the critical dynamics very 
close to phase transitions as an exception). In the following 
we will restrict ourselves to linear hydrodynamics. 

In contrast to polymeric main-chain nematics, where 
the nematic order takes place in the backbone itself, in 
side-chain nematics the nematic order and the polymeric 
behavior are separated spatially and coupled through the 
flexible spacers between mesogenic units of the side chains 
and backbone segments only. Thus, in a hydrodynamic 
description the specific polymeric degrees of freedom 
(transient elasticity9 and the specific nematic degrees of 
freedom (director rotations') can still be treated as 
independent dynamic variables. Their mutual interaction 
is then described explicitly by static and dynamic cross 
couplings6 similar to the interaction between tempera- 
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ture and concentration in binary mixtures. 
The physical linkage between side chains and the 

backbone has additional consequences. First, the degree 
of nematic order (nematic order parameter) is influenced 
by backbone fluctuations, and, vice versa, any change in 
the degree of the nematic order may require some 
movement of the backbone. Thus, in nematic side-chain 
polymers the nematic order parameter is an additional 
macroscopic (i.e., slow) variable? whereas in low molec- 
ular weight nematics it is fast and discarded in a hydro- 
dynamic description (except near the phase transition to 
the isotropic phase). In addition, rotations of the side 
chains can influence the orientation of the backbone 
segment to which they are attached and vice versa. Since 
the orientation of the side chains (the director) can be 
manipulated by external fields,' this gives access to the 
dynamics of local rotations of the backbone. In nonme- 
sogenic polymer systems such rotations of the backbone 
are decoupled from the macroscopic variables and do not 
show up explicitly in a hydrodynamic description (Ap- 
pendix A). Thus, the relative rotations between backbone 
and director are a specific and important additional 
macroscopic degree of freedom of nematic side-chain 
polymers, and the main body of this manuscript will be 
devoted to the derivation of the appropriate hydrodynamic 
equations (section 2) and to the discussion of ita influence 
on standard experimental situations like sound propa- 
gation, flow alignment, and director relaxation (section 
3). A discussion of the static properties of these relative 
rotations for permanently cross-linked polymers (gels or 
elastomers) has already been given* some time ago. A 
complete listing of the hydrodynamic equations including 
the other degrees of freedom is given in Appendix B. 

Investigating the normal-mode strudure of nematic side- 
chain polymers including relative rotations, we find 
(section 3) that generally the influence of the latter and 
their distinction from (transient) elasticity is most pro- 
nounced for high-frequency experiments (e.g., sound 
propagation), while for quasi-static experiments (flow 
alignment due to shear flow, director relaxation in ho- 
mogeneous magnetic fields), the influence of elasticity and 
relative rotations is difficult to disentangle. The velocity 
of longitudinal sound acquires an additional dispersion 
step at  the relaxation frequency of the relative rotations, 
which has a characteristic sin2 (24) dependence on the 
angle 4 between the wave vector k and the director 18O. 
This is in contrast to the dispersion step due to elasticity, 
which-although direction dependent too-is present for 
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rotations-the (relaxing) strain field cij and the (relaxing) 
order parameter 6s as additional hydrodynamic variables 
in order to describe the dynamic interplay between the 
viscoelasticity of the backbone and the nematic ordering 
of the side chains. As discussed in the introduction also 
relative rotations between local backbone segments and 
the director are macroscopic degrees of freedom and their 
hydrodynamic description will now be given. 

Local rotations of the polymeric backbone are described 
by the antisymmetric tensor Q i j ,  which in the case of 
polymers is not restricted to have the form of eq 2. In a 
nematic (uniaxial) system there are two different cases to 
be distinguished, namely, the rotation around the preferred 
direction do (nil = nFti’kQj2jk; summation over repeated 
indices is always implied) and two rotations orthogonal to 
that ( Q f  = n$ij, which implies nFQf 0). The former 
one does not involve a rotation relative to do and is de- 
coupled from the other hydrodynamic variables. It is 
rather similar to the local rotations in isotropic polymers 
(cf. Appendix A) and will not be considered in the following. 
The latter ones give rise to relative rotations, 6ni - ai’, 
which we are interested in. Here bni describes rotations 
of the director from its equilibrium direction, 6nj = ni - 
nioand (6’ldt)bni = hi. By definition Q f  changes sign under 
the symmetry operation do - -do. 

Since 6ni - Ql is not a conserved quantity, the dynamic 
equations simply read 

(3) 

with = 0 ( n F q  = n i q  for the linearized theory). 
Generally, the quasi-current can be written as the sum 
of the irreversible and the reversible parts, = vD + 
qR, which do or do not contribute to the entropy pro- 
ductio of the system, respectively. The time-reversal 
behavior of the reversible part is opposite to that of 6ni 
- ni l ,  and the most general form allowed by symmetry is 

(4) 
where v is the velocity field. The transverse Kronecker 
symbol 15: = bij - nPn7 projects out the direction parallel 
to do. There is no coupling in eq 4 to the vorticity (the 
antisymmetric gradients of the velocity), since a global 
rotation of the system does not affect any relative angle 
between two directions. The (reversible) transport pa- 
rameter X I  resembles the flow alignment parameter h in 
nematics and describes how elongational flow (and shear 
flow) influences the relative rotations. Conversely, relative 
rotations lead to backflow effects in the stress tensor (cf. 
eq 8). There are also some similarities with the /3 terms,’&12 
relating scalar order parameters to elongational flow (and 
vice versa) in systems close to various liquid-crystalline 
phase transitions. 

Like all transport parameters and static susceptibilities 
to be defined in the following, X I  is a (phenomenological) 
constant in the linearized theory, while in a nonlinear 
generalization it can be a function of all scalar variables, 
e.g., temperature, pressure, v2, etc., but not of frequency, 
wave vector, or director, since the latter dependencies are 
made explicit by the hydrodynamic method. 

The irreversible part of the quasi-current yfl can be 
expressed by the thermodynamic forces via (linear) 
irreversible  thermodynamic^.'^ In order to obtain the force 
associated with the relative rotations, we expand the free 

hi - h i l  + q = 0 

yflR = XL(i$ni + 6injo)Vjvk 

all directions. For transverse sound (i.e., with the wave 
vector perpendicular to the velocity amplitude v), the 
influence of relative rotations is manifest except for v 1 
do I k. In flow alignment and in director relaxation 
experiments both relative rotations and elasticity enter 
on equal footing and one measures neither the (bare) ne- 
matic flow alignment parameter nor the (bare) nematic 
rotational viscosity by these experiments in polymeric 
systems. A detailed discussion of these experiments is 
given in section 3. 

2. Hydrodynamic Equations 

In elasticity theoryg and in hydrodynamics4 the elastic 
behavior of solids is described by the displacement field 
u(r,t), which characterizes the actual position of the 
medium (i.e., of the molecules) compared to its equilib- 
rium one. The displacement field constitutes three 
independent additional degrees of freedom (compared to 
liquids), two of which combine with the vorticity diffusion 
of liquids to form the transverse sound modes of solids, 
while the third one can be interpreted as the vacancy 
diffusion mode.4 Since homogeneous translations and 
solid-body rotations do not change the elastic energy of 
the solid, the strain tensor q j ,  a symmetric second rank 
tensor, is usually used to describe elasticity. It is com- 
pletely fixed by the displacement field and does not contain 
additional degrees of freedom. In the linearized version 
one has 

1 
‘ i j  = -(vui + V i U j )  2 . ’  

Local rotations are described by an antisymmetric second- 
rank tensor in linearized theory 

1 
2 1  

Qi j  = -(V .Ui - V i U j )  

where, again, aij does not introduce additional degrees of 
freedom. 

The elasticity of polymers, however, is only transient; 
i.e., it is manifest on a short time scale only but absent in 
the long time (stationary) limit. The simplest way to 
describe this behavior hydrodynamically is to use a relaxing 
strain field as an additional (compared to simple liquids) 
macroscopic ~a r i ab le .~  However, since there is no defined 
equilibrium position of the molecules in polymers, the 
notion of a displacement (from the equilibrium position) 
does not make sense anymore and cij is no longer restricted 
by the special form of eq 1. Thus, it contains 6 degrees 
of freedom, 3 of which are dynamically related to the 
momentum and 3 of which are local elastic modes. These 
strainlike fields no longer have a simple molecular inter- 
pretation (in terms of displacements of regular lattices) 
in polymers, since the transient elasticity there arises from 
the complicated and entangled motion on the molecular 
scale, which is even more complicated for side-chain 
polymers. Nevertheless, we will talk of “backbone elas- 
ticity”, etc., in the following as a shorthand notation. In 
addition, Qij  does not obey eq 2 and, again, cannot be simply 
interpreted as being due to molecular displacements. In 
polymers i t  is related to local torques due to the entangled 
molecular motion; we will call it “local rotation” in the 
following. For a discussion of the hydrodynamics of 
isotropic polymers in terms of cij and Q i j ,  compare Appendix 
A. 

For the description of the dynamics of nematic side- 
chain polymers we recently6 used-besides the usual 
degrees of freedom of liquids (density, momentum density, 
and energy density) and the nematic director 
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energy density into the variables8 

1 
2 f = -Dl(6ni - + D2(6ni - fll)tijn; + ... (5 )  

where the dots contain the contributions not related to 
the relative rotations (cf. Appendix B). The first term 
stands for the energy cost of relative rotations, while the 
second one denotes the cross-coupling energy between a 
relative rotation and an elongation-like (transient) elas- 
ticity. Equation 5 has the same form as for nematic gels.* 
For polymeric systems it is not accessible by static 
experiments, since in that limit polymers are fluid, but at 
short time scales the energy cost (eq 5 )  of relative rotations 
is manifest. Relative rotations, which enter the macro- 
scopic dynamics even in the static limit, occur in tilted 
hexatic liquid crystals (smectic F and I)14J5 and in mixtures 
of two uniaxial nematic systems with different directors,16 
while relative translations strongly influence the macro- 
scopic dynamics of incommensurate solids17 and other 
incommensurate systems.'8 

The thermodynamic force due to relative rotations is 
then given by the derivative of the free energy 

The cross-coupling term D2 describes not only that elastic 
elongations give rise to a nonvanishing Lf (the second 
part of eq 6) but also that relative rotations lead to elastic 
stresses \kij (the thermodynamic force conjugate to the 
strain cij) 

1 
2 \kij = -D2([6ni - flf]n; + [6nj - fl/InP) + ... (7) 

For the dots, which contain, e.g., the elastic tensor, compare 
Appendix B. Thermodynamic stability requires D1 > 0 
and D1c5 > DzZ, where c5 is a shear elastic constant. The 
thermodynamic force conjugate to director rotations (at 
constant relative rotation), Vj@ij, is given by the usual 
Frank curvature elasticity, Oij = (dfo/dVjni) = KijklVlnk. 
Physically, nPeijkO/ can be interpreted as a torque due to 
relative rotations. This thermodynamic force adds to the 
stress tensor 

where the dots stand for additional stresses due to the 
other internal degrees of freedom (Appendix B). 

With the static relations eqs 6 and 7 now at hand we can 
return to the dissipative parts of the quasi-currents. 
Symmetry allows for the expressions 

where we have also written down some dissipative con- 
tributions to the quasi-currents of the dynamic equations 
for the director (hi + Yi = 0) and for the transient elasticity 
(iij+Xij=O). Thediagonalterms {L, l/rl,and llrdescribe 
the relaxation of relative rotations, director reorientation, 
and decay of the transient elasticity, respectively. The 
tensor c k  = P(6 in j  + bin!) is of the typical nondiagonal 
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form that can also be found in eqs 4 and 6, and (I/T)ijkl  
is structurally isomorphic to the elastic tensor Cijkl (cf. 
Appendix B). For the dissipative cross-coupling coeffi- 
cients, and P, the Onsager relations have already been 
built in. To guarantee positivity of the entropy production, 
the following expressions have to be positive, {l, {l ly l -  c2, and t 1 / 7 5  - (PI2. For permanently cross-linked 
polymers (elastomers, gels) the elasticity no longer relaxes 
on finite time scales but diffuses. For that case all 7's 
have to be infinite, which implies that P is zero, and eq 
9 is amended by diffusional terms -Vkvj\kij. Equation 
9 only contains linear dissipative effects, while nonlinear 
effects can be incorporated along the lines of ref 19. 

There are no orientational effects of spatially homo- 
geneous external (electric or magnetic) fields related to 
the relative rotations. Only inhomogeneous electric fields 
couple to relative rotations giving rise to an additional 
contribution in eq 6 to L l  of the form e&V,E, (with a 
corresponding contribution to the dielectric displacement 
vector Di = e&Vj(6nk - a:)) and in eq 9 to eD of the form 
CjkVpk (with a corresponding contribution to the electric 
current density Ji = - &V,L,'), where the material ten- 
sors e& and C j k  are of the form in eq B.7. The flexoelec- 
tricity (with respect to relative rotations) -etk is not 
accessible by static measurements in polymers, wkile elas- 
tomeric systems are more suitable for investigating static 
electric effects.20y21 For a more general treatment of 
dynamic electric effects within the macroscopic dynamics, 
compare refs 22 and 23. 

3. Experiments 

Having finished the exposition of those parts of the 
hydrodynamic equations that are related to relative 
rotations, we will now proceed by discussing how the new 
degrees of freedom can be detected and identified by 
experiments. We propose some future experiments and 
discuss the results of a recent one, where the relative 
rotations lead to qualitatively new effects, by which their 
importance for the macroscopic dynamics of nematic side- 
chain polymers can be demonstrated. 

One suitable standard experiment is the measurement 
of the velocity of (ordinary longitudinal) sound waves, 
c(w,t$), as function of the frequency and of the orientation 
between the wave vector k and the director do (do.k = cos 
9). Without taking into account relative rotations, we 
have found6 that at high frequencies c is anisotropic and 
especiallyc(+=O) # c(9=7r/2). This resultafromtheuniax- 
iality of the elasticity and from the order parameter, which 
couples uniaxially to the velocity, as well as from various 
cross couplings among these variables and the other 
variables contributing to the sound velocity. At  low 
frequencies the sound velocity is isotropic as for low mo- 
lecular weight nematic liquid crystals. This general picture 
has recently been confirmed e~perimentally.~~-~6 For 
intermediate frequencies there are some dispersion steps, 
which correspond to the relaxation frequencies of (tran- 
sient) elasticity, order parameter, and related cross cou- 
plings. The dispersion steps depend on the orientation 9, 
and below the lowest one the anisotropy has vanished. 

Taking into account the relative rotations, there are 
additional frequency- and orientation-dependent contri- 
butions to the sound velocity. Neglecting the static (Dz) 
and dissipative cross-coupling terms (P )  for the moment, 
we find for the dispersion relation of first sound (up to 
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order o - k) 

where co2 denotes the contributions, which are not related 
to relative rotations. The new contribution due to relative 
rotations in eq 10 is generally anisotropic but vanishes for 
both 4 = 0 and 4 = u/2. It introduces an additional 
dispersion step (at the relaxational frequency of the relative 
rotations), below which it only adds to the damping of the 
sound mode but no longer to the velocity. Thus, if in 
experiments an additional dispersion step is found at  some 
intermediate angle, say 4 = s/4,  but neither for 4 = 0 nor 
for 4 = u/2, this effect is very likely related to the relative 
rotations discussed here. This general picture does not 
change if the cross-coupling terms P and D2 are taken 
into account; only eq 10 becomes much more complicated. 

The sin2 (24) signature of the new contribution is quite 
characteristic for rotational degrees of freedom and can 
be traced back to the special form of the coupling provided 
by X I  (cf. eq 4). The contributions to the sound dispersion 
relation due to director rotations (as in low molecular 
weight nematics) would also have the same 4 dependence. 
They are, however, of order o2 - k4 and do not contribute 
to the sound velocity. The difference is that director 
rotations are true hydrodynamic variables, which can only 
diffuse but not relax, while the relative rotations are not 
true hydrodynamic excitations and relax on a finite time 
scale. The reason is that director rotations are Goldstone 
modes of the spontaneously broken rotational symmetry 
in nematics,27v28 while the relative rotations are not 
connected to a spontaneously broken continuous symmetry 
nor to any conservation law. 

Other propagative modes in solids (and polymers at high 
frequencies) are the two transverse sound modes, where 
the polarization of the mode (i.e., the velocity v) is 
perpendicular to the wave vector k. In uniaxial systems 
the two modes (called A and B in the following) have v 
11 do and v I do, respectively. Without taking into account 
relative rotations, both modes A and B show one dispersion 
step6 in nematic side-chain polymers, below which trans- 
verse sound ceases to exist as a propagative mode and is 
better described as a vorticity diffusion mode common to 
liquids. The dispersion steps in modes A and B are 
generally different from each other (and-for 
B-dependent on 4, the angle between k and do) but are 
both given by some elastic relaxation frequencies (e.g., 

The relative rotations are excited by shear flow, except 
if do is perpendicular to the shear plane. This is easily 
recognized from eq 4: is nonzero only, if either do.v or 
do.k or both are nonzero. The reason is that relative 
rotations about bo do not exist (rotations about do do not 
change the angle between 1 0  and the backbone). Thus, 
relative rotations are generally part of the transverse sound 
modes A and B, except for k I do in case B. Neglecting 
the cross-couping terms (D2 and P) again, which does not 
alter the general content of the result, the dispersion 
relations for transverse sound A and B are, respectively 

C2/72, 4c5/75). 

iwp, - + F,(w)  cos2 6 + F 2 ( 4  sin2 6 = 0 
k2 

(11) 

1 c2 

2 iw + c2/r2 F 2 = - -  + v2 (12) 

with k-do = cos 4. Relative rotations introduce generally 
a second dispersion step for the transverse sound velocity 
a t  the appropriate relaxation frequency j-lD1, below which 
they only contribute to the relaxation. Only for t#~ = ?r/2 
(case B) is this dispersion step absent. Thus, performing 
a propagating transverse sound experiment across a layer 
with planar alignment of the director (i.e., do in the layer 
plane and k perpendicular) and finding two dispersion 
steps (one dispersion step) when the flow excitation is 
parallel (perpendicular) to bo will be a strong sign that 
relative rotations are present as important macroscopic 
excitations. 

Relative rotations also influence other experiments 
involving the dynamics of the director, e.g., director 
relaxation and flow alignment angle 
measurements. However, in these cases relative rotations 
do not lead to qualitatively new effects, by which their 
existence could be demonstrated unambiguously, although 
their quantitative effects could be rather drastic. These 
will be discussed in Appendix C. 
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Appendix A: Local Rotations in Isotropic 
Polymers 

As discussed in the introduction, local rotations in 
polymeric systems are not related to a displacement field 
(cf. eq 2) but are described by an antisymmetric second- 
rank tensor variable Qij .  It contains three independent 
fields, which is made apparent by writing Q i  E (1/2)€ij&jk. 
This axial vector (it transforms even under spatial 
inversions in contrast to polar vectors, which transform 
oddkis compleely determined by its divergence and curl, 
div Q and curl a. The former is a pseudoscalar quantity 
(odd under spatial inversion), which cannot couple in an 
isotropic system to any other macroscopic variable or 
external field, and is therefore not considered in the 
following. The latter two variables will be discussed here. 

The free energy density related to local rotations reads 

Equation A.l resembles the free energy expression for 
relative rotations in nematic systems (eq 5) with the very 
important difference that in eq A.l only gradients of 
rotations (and gradients of the elastic strain) enter, while 
in eq 5 already homogeneous relative rotations lead to an 
increase in energy. Of course, a homogeneous rotation 
(solid-body rotation) must not alter the free energy of the 
system. Equation A.l gives rise not only to the thermo- 
dynamic conjugate field with respect to rotations, Li, but 
also to a contribution to the elastic stress q i j  (cf. eq 7) 

Li = Bl(curl + B2Vjcij (A.2a) 

where 
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The dynamics of local rotations is described by 

(A.3) 

where is the vorticity. The dissipative part of the quasi- 
current, q, is derived from the dissipation function R 

R = I.$: 2 + [‘LiVjqij 64.4) 

which also gives a contribution to the quasi-current of 
elastic strains Xij (cf. eq 9), due to the cross coupling -$ 

a 
at 
- curl 6 - curl + F = 0 

Xi? = - +“VJi 2 + ViLj)  + ... (A.5a) 

zf = [L, + S.’Vj\kij (A.5b) 

Of course, only inhomogeneous rotations lead to entropy 
production, since a solid-body rotation is an equilibrium 
state, while homogeneous temporal changes of relative 
rotations (eq 9) do increase the entropy. 

The local rotations are decoupled from longitudinal 
sound and do not take part in the propagation of transverse 
sound (w - k), because their coupling to momentum and 
to other variables contains too many gradients. This is 
strikingly different from the behavior of relative rotations 
discussed in the main text. 

In solids or permanently cross-linked elastomers local 
rotations are described by the displacement field and are 
not independent from the strain field (eqs 1 and 2). In 
low molecular weight fluids local rotations are completely 
microscopic excitations (describing rotations of molecules, 
etc.), which relax on a microscopic time scale, and are, 
thus, not taken into account in a macroscopic description. 

Appendix B: Complete Listing of Hydrodynamic 
Equations 

The relevant macroscopic variables describing the 
dynamics of nematic side-chain polymers include (mass) 
density p, momentum density gi, energy density e, elastic 
strain eij, director rotations ani, nematic order fluctuations 
6S, relative director - backbone rotations 6ni - Q f  , and in 
the case of solutions of concentration c. The following 
complete list of linear equations for these variables is a 
conjugation of the appropriate equations of refs 5 and 6 
and of section 2. Assuming that all internal and micro- 
scopic variables not listed explictly above are in thermo- 
dynamic equilibrium on the relevant time and length 
scales, changes of the macroscopic variables are linked to 
changes of the entropy density a by the Gibbs relation 

T da = de - p dp - pc dc - vi dgi - W dS-  aij dVjni - 
qij deij - L l d ( n i  - Q f )  (B.1) 

This equation defines the thermodynamic conjugate 
quantities temperature T, chemical potential p, relative 
chemical potential of the mixture pc, velocity vi, “order 
parameter field” W, ‘molecular field” Vjaij, elastic stress 
q i j ,  and the “relative molecular field” Ll as partial 
derivatives of the energy with respect to the associate 
variable. The relations between these two seta of fields 
constitute the static part of the macroscopic equations 
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6T = TOC[’ 6u - (aspo)-’ 6p + 8 , 6 ~  + 
x > ~ ~  + b“ 6s (B.2a) 

-2 -1 6p = Po K,  6p + 6U + pp 6C + 
~ $ t i j  + bP 6s (B.2b) 

Lf = Dl(6ni - 0;) + DZtjknj”6; (B.2h) 

The 6’s denote deviations from the (constant) equilibri- 
um values, which carry a subscript zero. The material 
tensors are of the uniaxial form 

zij = z,,npn! + z,6$ (B.3a) 

0 0 0 0  ci jk ,  = c16$6i + c2(6$6,+ + 6;6$ + c3ni njnknl + 
c,(stninf + 8k:npnj”) + 

c5(6inj”nf + b;n!n: + 6inpnf + 6;npn;) (B.3b) 

(B.3c) 

The elastic constants defined here (c,) are related to those 
in Voigt notation ( c , ~ )  by c11 = c22 = CI + 2c2, CIZ = c21 = 

2c2, and all other c.8 equal to zero. Thermodynamic 
stability requires, e.g., c1 + 2c2, c3, c5, c3(c1 + 2c2) - c42, 
4c&- Dz2, all to be positive. For the conserved and non- 
conserved quantities the dynamic equations are 

u + V j i “  = RJT 

p + vgi = 0 

Kijkl = K16$6b + K2n&ijntEqkl + K3njn16ik 0 0 1  

C1, C13 = C31 = C23 = C32 = C4, C33 = C3, C u  = C65 C 5 ,  C a  = 

(B.4a) 

(B.4b) 

i . + v j ; = o  (B.4c) 

gi + vjaij = 0 (B.4d) 

S + Z = O  (B.4e) 

hi + Yi = 0 03.40 

‘ i j  + xij = 0 (B.4g) 

ni - s j f  + = 0 (B.4h) 

The dynamic equation for the energy density follows from 
eqs B.4 and B.l. The currents and quasi-currents defined 
in eq B.4 can be written as the sum of a reversible part 
(superscript R) and a dissipative part (superscript D) 
leading to zero or positive entropy production (R  L 01, 
respectively. The two parts of the material equations are 
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Appendix C: Director Relaxation and Flow 
Alignment Angle Measurements 

Recently, director relaxation showed 
a remarkable increase in the relaxation time of nematic 
side-chain polymers compared to low molecular weight 
systems. The strong dependence on molecular weight 
indicated that this was a genuine polymeric effect. Here 
we want to discuss the origin of this effect within our 
hydrodynamic description. Applying a homogeneous 
magnetic field H to a well-oriented nematic sample 
generally results in a (homogeneous) reorientation of the 
director due to the anisotropy of the magnetic suscepti- 
bility. If the latter is positive, xa > 0, the director wants 
to become parallel to H and the reorientation force is 
proportional to the angle 8 between do and H, explicitly' 
Vj@ij = x,H2 ani, with )6nil = sin 8 = 8. Without the 
polymeric degrees of freedom and neglecting backflow (cf. 
eq B.5d), this leads to a simple exponential decay of 8 with 
therelaxation frequency (cf. eq 9) l'o = x,,HYyl. However 
in polymeric systems also the (transient) elasticity and 
the relative rotations are excited by this reorientation force 
(cf. eqs 9 and B.6g). Neglecting again backflow effects, 
one is left with a coupled system of three linear relaxations, 
whose eigenfrequencies are related to the relaxation 
frequency of the elasticity, of the relative rotations, and 
of the magnetic reorientation, respectively. In recent 
e ~ p e r i m e n t s ~ + ~ ~  one has observed the magnetic reorien- 
tation, which is influenced by the effects of elasticity and 
relative rotations. It turns out to have the smalleet 
frequency and reads 

(5"IZt* + tl$ - 2S"tlZs" 
(C.1) 

r 7 5  - - l = " y l  
r0 s'l - (PIZ 

75 

where a nonvanishing right-hand side shows the influence 
of the polymeric degrees of freedom. Neglecting 5" (the 
cross coupling between elasticity and relative rotations) 
for the moment, the polymer influence in eq C.l can be 
written as the s u m  of two contributions, coming from the 
coupling between the director and the elasticity in the 
first part and between the director and the relative 
rotations in the second part. Both parts tend to decrease 
r (i.e., increase the relaxation time), although thermo- 
dynamic constraints prevent I' from becoming exactly zero. 
However, these two contributions enter eq C.1 on equal 
footing, and it is impossible at the present stage to decide 
which one of the two (or both) is (are) responsible for the 
observed (rather drastic) experimental effect. Of course 
it is also impossible to disentangle the polymeric effects 
from the (bare) nematic effect; i.e., what is measured in 
experiments is not I'o but r. In any case this experiment 
shows that the polymeric degrees of freedom can have a 
profound effect on the hydrodynamics of the system, even 
at  frequencies which are well below the elmtic relaxation 
frequency and below the relaxation frequency of the 
relative rotations, where the polymeric system is sometimes 
supposed to behave like a low molecular weight system. 
By using longer spacers between the side chains and the 
backbone, one can expect to reduce the interaction between 
nematic and polymeric degrees of freedom (i.e., reduce 
the influence of the cross-coupling terms), which for this 
experiment means that the relaxation time should de- 
creme. But this experiment is not suitable to disentangle 
elastic effects from those of the relative rotations. 

The flow alignment of the director is another standard 
experiment in nematic systems. If a shear flow is imposed 
on a nematic layer with the flow in the direction of the 

jTD = - D i j V j ~ ,  - G j v k q i j k  - D p j T  - D;vjW 
(B.6c) 

Q . . ~  = -y . .  Ijkl A kl 

ZD = K ~ W  + Eij'kij - DyViVjT - D;ViVjc 

(B.6d) 

(B.6e) 

V 

TD = J'Lf + tlZvj@ij + ek\kjk (B.6h) 

where we have used the abbreviations Aij = (1 /2) (Vi~j  + 
VjUi) and wi = (1/2)Cijkvju&. The second-rank tensors are 
of the form in eq B.3a, the viscosity tensor Yijkl and the 
elastic relaxation tensor (1/7)ijklare of the form in eq B.3b, 
and the third-rank material tensors read 

X i j k  = X(6;n; + sin;, 03.7) 
The viscosity constants defined here (vu) by the form in 
eq B.3b are related to those of the Harvard notationz8 

Y Z ,  and Y! = u4. Positivity of entropy production is 
guaranteed, if the following expressions are positive: K I I ,  

Dll, KIIDII - @{P,  ~ 1 1 ~ ~  - (D1y)z, ~wDll - (Oilz; all these 
expressions with subscript 11 replaced by I, K ~ ,  71, t', 1 

K~ - ~ s t 1 1 ~ ;  c1 + 2122, ~ 3 , 1 2 5 ,  (c1 + 2cz)ca - cq2 for either cu = 
vu or cu = l / ~ ~ .  Equations B.l, B.5, and B.6 only show the 
contributions of lowest possible order in the gradient 
expansion. Higher order gradient terms can be incorpo- 
rated along the lines of ref 32. 

(v:) by Y: = ( 1 / 2 ) ( ~ 1 +  ~ 3 )  - ~ 4 ,  Y: = YZ, Y: = US, Y! = V I  + 

- 7175(5")' ,  tL - YlflZz,  C' - 76(p)', K w ( 7 2  + 271) - 7 1 7 2 ( ~ ~ ,  
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original director, then the director turns within the shear 
plane. Subject to the constraint 1x1 > 1, to be fulfilled by 
the flow alignment parameter h (eq B.50, the turning angle 
B is constant and independent of the shear rate. For low 
shear rates this picture is assumed to be valid for polymeric 
systems too.6 Since in this geometry elastic strains as well 
as relative rotations are induced by the flow, these 
polymeric features both enter the expression for the 
alignment angle33 (neglecting contributions quadratic in 
the dissipative cross-coupling parameters) 

J12 1 -- - X + h  -+-r75 
r1 cos 28 (C.2) 

for the definition of $, compare eq B.Gf,g. Of course, flow 
alignment only occurs if the number on the right-hand 
side of eq C.2 is larger than 1 (or smaller than -1). This 
condition may be harder or easier to meet in polymers 
than 1x1 > 1 in low molecular weight systems, depending 
on the signs of the cross-coupling parameters X I ,  l'n, and 
$. One can expect that side chains with longer spacers 
reduce the polymeric influence on this characteristic ne- 
matic effect. Again we find that in this quasi-static 
experiment the influence of polymeric elasticity and of 
relative rotations is not qualitatively different and that a 
clearcut experimental distinction is only possible with high- 
frequency experiments, as, e.g., sound wave propagation 
discussed above. 
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